The absence of unique time evolution in Einstein's spacetime description of gravity leads to the hitherto unresolved 'problem of time' in quantum gravity. Shape Dynamics is an objectively equivalent representation of gravity that trades spacetime refoliation invariance for three-dimensional conformal invariance. Its logical completion presented here gives a dimensionless description of gravitational dynamics. We show that in this framework the classical problem of time is completely solved. Since a comparable definitive solution is impossible within the spacetime description, we believe Shape Dynamics provides a key ingredient for the creation of quantum gravity.
Introduction
In the canonical formulation of General Relativity due to Arnowitt, Deser and Misner (ADM), the total Hamiltonian is a pure constraint:
in the case of spatial slices that are compact without boundary. Variation wrt the position-dependent lapse N gives at each space point the constraint
where p ij are the momenta conjugate to the 3-metric g ij , p = g ij p ij , and g = det g ij . Variation wrt the shift N i leads to the linear ADM momentum constraint
It generates 3-diffeomorphisms and is a proper gauge constraint. In contrast, the quadratic constraint (2) evolves the system but at arbitrarily different rates at each space point depending on the freely specifiable lapse N (many-fingered time). This lack of determinate evolution arises from the refoliation invariance of General Relativity (GR) in the spacetime representation and for quantization creates the severe and long unresolved problem of time [1] . It has two core aspects. 1. Unlike (3), the Hamiltonian constraints (2) do not arise from the action of a group on configuration space, which is why GR fails to satisfy the Mach-Poincaré principle (see below) in either its strong or weak form. Instead, as Dirac noted long ago [2] , the Hamiltonian constraints entangle gauge invariance with true dynamics. Shape Dynamics (SD) disentangles them, without introducing either second class constraints or additional degrees of freedom, by replacing the Hamiltonian constraints with local three-dimensional conformal constraints and a single volume constraint that acts as the generator of dynamics. This eliminates many-fingered evolution.
2. Even in a particular foliation, a quantum problem remains. The theory is still reparametrization invariant with a residual global constraint corresponding to a vanishing Hamiltonian. This feature is not specific to GR and arises in any theory with a quadratic constraint. Traditional quantization automatically leads to a timeless model with a time-independent Schrödinger equation. This is the quantum 'frozen-formalism' problem of time. We solve it by finding a dimensionless and scale-invariant system with a preferred independent variable, 1 τ , that makes predictions indistinguishable from the objective predictions of GR. The transition to a representation in which both the true dynamical degrees of freedom and, in our key innovation, τ are dimensionless is the logical completion of SD and simultaneously the solution to the problem of time.
Approaches to the Problem of Time
To highlight the new elements we bring to the issue, we briefly review the most sophisticated current line of attack, the 'effective approach' [3] . A timeless quantum universe is accepted as fundamental and assumed to be in a semiclassical highquantum-numbers regime with its wavefunction Ψ peaked around a classical trajectory. One physical observable is singled out as an internal time wrt which Ψ evolves. Since no observable possesses everywhere the 'good-clock' requirement of monotonicity, a 'grasshopper' strategy is adopted: the internal time 'jumps' from one variable to another on the approach to a turning point.
While the universe may well get into a semiclassical regime, peaking of Ψ around a particular classical trajectory is a much stronger assumption. Will the required 'unquantizing' of a degree of freedom occur?
A much simpler solution would be one in which, just as in existing quantum mechanics, time is sui generis, i.e., quite different from the quantum degrees of freedom because it is a genuine independent variable. We shall show that such a variable does exist in a spatially closed universe and moreover is monotonic.
The demonstration relies on two facts. First, the objectively equivalent shapedynamic representation of Einstein's theory shows that there is a mathematically and physically well-defined notion of simultaneity within closed-space GR. This solves the foliation problem. Second, the shape-dynamic variables divide unambiguously into two kinds: dimensionless true degrees of freedom and the single monotonic dimensionless independent variable τ .
Shape Dynamics
Shape Dynamics has been developed in stages over more than 30 years [4, 5, 6, 7] . It is a general framework for all closed dynamical systems in which there exists a reduced configuration space S (Shape Space) of physical degrees of freedom that, together with the independent variable, are all dimensionless. This is the logical completion referred to in the abstract.
Its foundation is the Mach-Poincaré principle [8, 4, 9] : Initial data in S in the form of a point and a direction (strong form) or a point and tangent vector (weak form) must determine the physical evolution curve in S uniquely.
General Relativity fails to realize the Mach-Poincaré principle in Wheeler's superspace W=Riem/Diff [10, 11] : given a point and direction (or tangent vector) in W there is a whole sheaf of solutions to the ADM equations of motion, each corresponding to a different foliation of one and the same spacetime. York's work on the initial-value problem in GR [12, 13] hinted that conformal superspace C, the space of conformal 3-geometries, is the physical configuration space of gravity, not W. This does not quite work: the implicit requirement of full conformal invariance freezes the dynamics. One is forced to a less strict notion of what is dynamical and to allow the total volume of a compact 3-geometry, V = d 3 x √ g, to evolve [6, 14, 7] .
Then the strong Mach-Poincaré principle is satisfied on conformal superspace plus volume, with a single simultaneity-defining global Hamiltonian constraint. The final step to the logical completion of SD, anticipated in [15] and carried out explicitly in this paper, is to deparametrize the residual global constraint. This completes the solution to the problem of time. We expect that many readers, convinced by Einstein and Minkowski that universal simultaneity cannot be meaningfully defined, will balk at our solution. However, we emhasize that, despite its ontologically preferred time, SD creates the familiar spacetime picture on-shell. It therefore reproduces all the confirmed predictions of GR and moreover gives a much simpler account of gravitational dynamics: one shape of the universe succeeds another along a unique evolution curve in S.
4
The N -Body Quantum Problem of Time
We use the Barbour-Bertotti (BB) formulation of the N-body problem [4, 16] as a toy model to illustrate our key innovation, the insistence that both the independent variable and the observables be dimensionless. The BB extended configuration space is Ê 3N ; r a = (r 3 are the Cartesian coordinates of particle a ∈ {1, . . . , N}. Newton's absolute space is eliminated by a reduction to Q N = Ê 3N /Eucl , where Eucl is the Euclidean group of rigid translations and rotations [4] . Newton's absolute time is replaced by a path label λ in a geodesic principle on Q N . The resulting theory is invariant under λ-dependent Eucl transformations [4, 16] and reproduces Newtonian gravity but with the further predictions that
where p a are canonical momenta {r
, and P and L are the total linear and angular momenta of the system. The linear constraints (4) taken together are analogous to the ADM momentum constraint (3). The geodesic principle on Q N gives rise to a quadratic reparametrization constraint that fixes the magnitude of the canonical momenta p a and is the counterpart of ADM's (2):
Here µ a = m a /M, M = b m b , are dimensionless 'geometrical' masses, and V New is the Newton potential: 
We say 'would be' because, unlike the constraints (4), D = 0 is not conserved by the Newton potential (6), which is invariant under translations and rotations but not dilatations. In fact, 2 D ≈İ cm is the time derivative of the center-of-mass moment of inertia I cm ,
where
measures the root-mean-square length, or scale, of the system ([I 1/2 cm ] = ℓ). Thus, whereas P and L, which measure unobservable overall change of position and orientation in Newton's absolute space, can be made to vanish in BB, this cannot be done for the overall expansion rate D.
But total scale is purely conventional in a closed universe. Expansion of the universe is not seen but deduced -from comparison of simultaneously observed wavelengths. One way to solve this problem is to change the potential in such a way so as to ensure that the constraint (7) is conserved. The resulting theory then satisfies the strong Mach-Poincaré principle and, as shown in [17] , has interesting quantum consequences, in particular, a breakdown of scale invariance due to a quantum anomaly. Here we take a different route, presenting a theory which satisfies only the weak Mach-Poincaré principle but is still scale invariant.
At any instant the Newtonian centre-of-mass kinetic energy T decomposes uniquely into three terms [18] : T = T r + T d + T s , the rotational, dilatational and shape parts, respectively. We seek a theory with only T s . The constraints (4) eliminate T r and the translational part T p . In the next step, instead of changing the potential, we retain E − V New but swap the reparametrization invariance of (5) for a time τ that subsumes T d .
Our τ will be monotonic thanks to an important fact: if in any dynamical system the potential V is homogeneous of some degree k, Euler's homogeneous-function theorem and Newton's second law implyÏ cm = 4(E − V ) − 2kV . Since k = −1 for V New , this becomesÏ cm = 4E − 2V New . Now V New is negative, so if, as we shall assume, E ≥ 0, then the function I cm (t) is concave upward and D monotonic. This is not generically true of any physical observable. We already noted that scale, like time, is not observable; we now see that, through the monotonicity of D, scale shares another defining property of Newton's time t.
Homogeneity of the potential has another important consequence: dynamical similarity [19] . Let a solution of the dynamical equations be given and the coordinates and time be scaled with a constant C as follows: r a → C r a , t → C 1−k/2 . Then geometrically similar paths are obtained. The elapsed times at which corresponding points are reached are in the ratio t
For the Newton potential with k = −1, this yields Kepler's third law.
Using the example of Newtonian dynamics, we can illustrate the way in which a given physical theory can be represented in two very different ways. Let solutions of Newton's equations be generated in Ê 3N and then 'projected' to Shape Space by abstraction of everything defined by conventional choice of units and the origin and orientation of the coordinate axes. Then the Newtonian solutions r a (t) are mapped to a curve of shapes s(λ) in S. We call this the passage from the coordinatized to the objective representation. The latter eliminates all redundancy and human convention from the description of the dynamics. The description is dimensionless and retains only what is objective: as we have seen, when the potential is homogeneous, a seemingly distinct one-parameter family of solutions in the coordinatized repesentation is mapped to a single objective curve in S.
We now show how a suitably defined τ eliminates the dilatational part T d . We should derive equations in S, but, the non-Abelian rotations being difficult, we quotient only wrt dilatations and translations, which takes us to 'pre-shape space' PS =Ê 3N −3 /Dil ×Transl, on which we introduce the 'gauge-fixed' coordinates and momenta
Here σ a coordinatize a unit (3N − 4)-dimensional sphere, and π a are the 3N − 4 momenta tangent to that sphere divided by the value D 0 of D at the point chosen to begin evolution.
2 This division by D 0 makes the momenta dimensionless like σ a .
We have
The constraints (10) are first class among themselves wrt the Hamiltonian constraint (5) .
We now express the Newton potential as V New (r) = V s (σ)/R, calling V s the shape potential; it is a function on Shape Space.
3 The kinetic energy decomposes into the dilatational part,
coordinates are scale invariant, as they Poisson commute with D and R,
These relations show that the associated Dirac bracket is block diagonal, which is important for the deparametrization performed below.
The symplectic structure on pre-shape space is
We now introduce the monotonic and dimensionless independent variable τ = D/D 0 and obtain an unconstrained (true) Hamiltonian. The log of R is canonically conjugate to D, {D, log R} = 1. Therefore H = − log(R/R 0 ) + const can be used as the generator of τ -translations: take a shape observable f = f (σ, π), its evolution wrt D is ∂f ∂τ
Note that the D 0 on the rhs will cancel the D −1 0 in (12), removing from the equations of motion all dependence on D 0 , the only dimensionful quantity remaining in the theory. As is required for the objective description of a closed universe, the equations of motion are dimensionless.
The innovation of introducing a dimensionless time is, in our view, essential for the satisfactory passage from a constrained to a physical Hamiltonian. We are not aware that it has been considered hitherto. It leads to a notion of time very different from that of either Newton or Einstein. The origin of τ is conventional -it can be taken at any point along the orbit in Shape Space. After that τ changes at a definite rate along the orbit from the origin as R/R 0 changes. 4 Besides monotonicity, the advantage of using D to define τ is its status as a uniquely distinguished collective variable associated with the overall behaviour of the system. The growth of τ is we always take dimensionless ratios the same quantities are invariably obtained in the objective description. It is important that the point in Ê 3N at which the evolution is begun, where D = D 0 , corresponds to one and the same shape s 0 ∈ S.
3 As pointed out in [17] , the dimensionless V s is not only the potential that governs the scaleinvariant dynamics but also an objective measure of gravitational complexity; we anticipate that it will be the most important Dirac observable in the quantum treatment. 4 We should point out that any definite monotonic function of D/D 0 can also be chosen as time. We shall return to this point in footnote 8. created by all the physical degrees of freedom working together. This enables us to avoid arbitrary choice of individual physical degrees of freedom as 'time' with the inevitable 'hopping' from one to another.
From the conceptual point of view, it is also important that, interpreted in the usual scale-dependent coordinatized description, our variable τ appears as an internal time, but it is an external evolution parameter in the scale-invariant dimensionless description. Since it is the latter which represents the objective state of affairs, the distinction, which appears in exactly the same way in geometrodynamic SD and will be a central feature in the quantum treatment, needs to be made.
To find the physical Hamiltonian H we solve the quadratic constraint (5) for R:
In the simplest case when E = 0 the Hamiltonian is
and the equations of motion it generates are (notice the disappearance of D 0 ):
Quotienting wrt rotations would not change anything essential, as all our equations are rotationally invariant.
The system of equations on Shape Space that we have obtained, (16), is not autonomous. But this is not in any way analogous to explicit time dependence in laboratory physics induced by, say, a time-dependent magnetic field. What counts are the complete dynamical orbits in S. They represent the physical reality. To generate all the orbits that pass through a given point in S, one can always adopt the convention that τ = 1 in the formulation of the initial-value problem. In it, one specifies 6N − 14 rotationally invariant components of σ a (1) and π a (1); each choice of them will generate a different curve in S. Taken together, all these initial conditions generate all of the dynamical curves that pass through the given point. Nothing can change them. This is quite unlike what happens to dynamical evolution subject to time-dependent external fields.
Note also that in Newtonian terms the π a (1) are the dimensionless ratios of the shape-changing momenta divided by the momentum D 0 in overall initial expansion.
The theory defined by the Hamiltonian (15) satisfies the weak Mach-Poincaré principle because, given σ a (1) and π a (1), the equations of motion (16) generate a unique curve in S. We can construct the Newtonian trajectory in the extended phase space (r a , p a ) by inverting (9) to obtain the scaled data D(τ ) and R(τ ) in Eq. (14) . We must also specify D 0 , but this, our only dimensionful quantity (it gives length dimensions to everything else), amounts to the conventional choice of a unit.
5
If E = 0, we need an extra initial datum: the dimensionless ǫ = E D 2 0 , which appears in the Hamiltonian:
5 We have already restricted the choice of units in the Newtonian representation by setting the Newton constant G = 1 and using 'geometrical' masses.
The Mach-Poincaré principle fails due to the necessity to specify ǫ τ 2 , but the theory is still scale invariant and fully dimensionless with a monotonic independent variable. Our solution to the problem of time still holds.
Geometrodynamic Shape Dynamics
From the point of view of the problem of time, the vitally important feature of geometrodynamic SD is that it completely eliminates many-fingered evolution and gives Einsteinian gravitational dynamics an architectonic structure essentially identical to N-body dynamics. As shown in [7] , it does this by trading all but one linear combination of the quadratic constraints at each space point in the integral (2) for a volume-preserving conformal constraint
which together with the diffeomorphism constraints (3) reduces the configuration space to S × Ê + ; S is conformal superspace C, the geometrodynamic shape space, and Ê + represents the volume V = d 3 x √ g, which is invariant under the transformations generated by (18) and, at this stage, a dynamical degree of freedom; Y = d 3 x g ab p ab /V is proportional to 'York time' and is monotonic along spacetime solutions that can be foliated by spacelike hypersurfaces of constant-mean-(extrinsic) curvature (CMC) [13] . 6 The volume and Y are canonical conjugates:
. Here too we find it convenient not to solve the linear (diffeo) constraint, and we work in pre-shape space plus volume: PS × Ê + , where PS = Riem/Conf . The symmetry trading procedure allows one to trade the constraints (2) for (18) with the exception of one single constraint. This eliminates the many-fingered evolution, the residual constraint becoming a reparametrization constraint for dynamics on PS × Ê + . Exactly as before, we now describe the dynamics on PS, using Y , like τ , as independent variable and V as physical Hamiltonian. Solved for V , the residual constraint gives
where φ solves the Lichnerowicz-York (LY) equation (which always has a unique solution [20] )
g ab p cd g cd is the traceless part of p ab . The Hamiltonian (19) is obviously diffeo-invariant and also fully conformally invariant if Y is treated as the independent variable,
because (20) shows that φ[g ab , p ab , Y ; x) transforms as
while the √ g factor in (19) transforms as √ g → ω 6 √ g, cancelling ω. Further, as noted in [14] , the LY equation (20) , like the N-body equations, exhibits a form of dynamical similarity, which we here express in the more convenient equivalent form
where α is a spatial constant. This means that the SD Hamiltonian scales covariantly with α 6 :
Note that the ADM Hamiltonian (2) has an indefinite kinetic energy due to the − p 2 term pure gauge. The remaining part, the spatial average of p, is used as the independent variable and therefore removed from the dynamics. We are left with an SD Hamiltonian with non-negative kinetic energy.
For the dimensional analysis, we use Dicke's convention [21] , in which the 3-metric has [ 
and satisfy constraints analogous to (10):
The symplectic structure on S perfectly matches that of the particle model (12),
The SD Hamiltonian has the dimensions of a volume, [H] = ℓ 3 , the Poisson brackets an inverse area [{., .}] = ℓ −2 .
We now exploit the two invariances (21) and (23) to write a dimensionless HamiltonianH on PS that generates evolution in the dimensionless independent variable
whereφ is a scalar density of weight 1 6 (it contains a factor of g 1 12 ) and solves the dimensionless equatioñ
ab ] on PS then evolves as
and, as in the particle model, the Y −2 0 term on the rhs compensates for the corresponding factor in (27).
As York showed [22, 20, 13] , the diffeomorphism constraint decouples from the conformally invariant degrees of freedom and can be solved independently. This happens because the equations of motion in PS are diffeo-invariant and, in turn, the diffeomorphism constraint is conformally covariant. This parallels the particle model, for which the dynamics in S is rotationally invariant and the angular-momentum constraint is scale invariant.
In the initial-value problem on S, one specifies a unimodular 3-geometry (g ab modulo diffeos) and unconstrained transverse-traceless momentap . Like D 0 in the particle model, the value given to Y 0 is conventional. All dimensions in the ADM representation arise from it.
Extensions
The bosonic matter of the standard model can be included in this picture by requiring the matter fields to transform with conformal weight zero [23] . The two key properties (22) and (23) This failure in no way affects our solution to the problem of time. It is rather to be seen as a potential criterion for theory selection. Einstein was always struck by the fact that GR is the simplest non-trivial theory of dynamical Riemannian geometry. Faith in simplicity would lead one to seek to explain the apparent existence of a cosmological constant Λ through some process by which it emerges from a fundamental theory that does not contain it. In this connection, our assumptions of positive energy in the N-body problem and positive Λ, under which τ is certainly monotonic, are mild and supported observationally -a fundamental Λ, if it does exist, is positive.
Conclusions
We believe that, taken together, the results of this paper solve the long-standing classical problem of time and are a promising basis for the quantum treatment. In Einsteinian gravity, the solution consists of two stages: disentanglement of the evolution from gauge followed by deparametrization. In the N-body problem, only deparametrization is needed. Let us recapitulate the key aspects.
1. Geometrodynamic SD as established in [7] cleanly disentangles the true dynamical evolution in gravity from the gauge invariance associated with the coordinatized spacetime description, reducing the problem of time to reparametrization invariance. The disentanglement is simultaneously the key step to the representation of Einsteinian gravity in dimensionless form, the sine qua non for the subsequent introduction of τ and the full solution to the problem of time. That simply cannot be done without the passage from Wheeler's metric-based superspace, with its three degrees of freedom per space point, to metric-free conformal superspace, which, as York [13] noted, is dimensionless and has two degrees of freedom per space point. 2. After this step, closed-space geometrodynamic SD, just like the Newtonian N-body problem, admits an objective description in completely dimensionless and scale-invariant terms. The evolution takes place wrt an unambiguously defined monotonic independent variable. 8 The observational equivalence of what we have called the coordinatized and objective descriptions ensures that this solves the problem of time.
We also want to recall the observation made after (24) , which is that the ADM kinetic energy has a negative part. It has been a problematic issue for quantumgravity research for decades, especially approaches based on path integrals, which as a result are unbounded below. This conformal mode problem has been considered in many approaches, see e.g. Hořava's [24] modified kinetic term. In our treatment, 7 We should place on record that our paper, like all previous work on SD, draws heavily on York's work, in which our collaboratorÓ Murchadha played an important role. In fact, York came rather close to our solution to the problem of time. However, his analysis was based on full conformal transformations, not the volume-preserving transformations generated by (18) . He also did not aim for a dimensionless 'time', settling instead for the dimensionful York time. This is probably because he did not have the advantage of knowing the dynamical similarity (23) of the LY equation, which was first recognized byÓ Murchadha [14] and led to our idea of introducing a dimensionless independent variable. 8 This statement is subject to the minor caveat noted in footnote 4: any monotonic function f of τ will serve equally well. This explains why our independent variable is not related to the readings of physical clocks. The change from τ to any monotonic f (τ ) multiplies the Hamiltonian by a corresponding lapse. The evolution curves in Shape Space are unchanged. If any f (τ ) is in any way distinguished it is T = log (τ ), which allows one to set initial data at T = 0 but perhaps more significantly makes the Hamiltonian T -independent in interesting asymptotic regimes. This might have technical advantages. But fundamentally no specific choice of f (τ ) has any ontological priority. We have to make some choice and with it a corresponding Hamiltonian to express the law that generates the successive shapes in S. The shapes alone are ontological.
the troublesome contribution divides into a local part, which is pure gauge, and a spatial average which, made dimensionless, plays the role of the independent variable in our description and, as we have already noted, ceases to be dynamic. Thus, the kinetic-energy part of the physical Hamiltonian is shown to be positive definite. This appears to be a major bonus that comes with our solution to the problem of time.
To end, we should like to add some further arguments for the dimensionless representation of both Newtonian and Einsteinian gravity.
Physicists are widely agreed that the results of laboratory experiments or theoretical calculations must, if they are to be objective, be expressed in dimensionless form. This requirement, whose extension to a dynamically closed universe can hardly be questioned, is the sole principle that underlies our identification of the independent variable τ once gauge has been disentangled from dynamics.
Moreover, the elimination of redundancy and convention, especially external scale, reveals more than one might expect. One sees this already in Newtonian dynamics. Far from being the single theory it appears to be in the familiar representation, it is actually three: one with energy E = 0 and two more, with E < 0 (which we have not considered) and E > 0. These theories are governed by very different Hamiltonians (compare (15) and (17)). Furthermore, a dynamically closed Newtonian universe cannot have different energies; it can just have one of those three different governing laws. There no such thing as a conserved energy of a universe with different possible values determined by initial conditions. Finally, timeas deeply rooted in intuition as the 19th-century aether -is simply not there. The only 'time' we can find is D/D 0 .
If passage to the dimensionless description puts Newtonian 'spacetime' in such a different light, we can surely expect the same to happen with Einsteinian spacetime. The way GR is normally taught is that extremalization of the Einstein-Hilbert action selects among all pseudo-Riemannian manifolds, each with a complete fourdimensional metric g µν , those that are candidates for physical realization. However, we start with a vastly more restricted ontology: three-dimensional conformal geometries. We then postulate that a point and a tangent vector in conformal superspace, C, must uniquely determine an evolution curve in C.
This bare input is sufficient to 'create' an entire Einsteinian spacetime endowed with local proper distance, local proper time and local inertial frames of reference. They are artefacts of the fundamental law that generates the curve of shapes in C and disappear when we return to the objective description as outlined in footnote 6. We only think they are there because of the way the fundamental law makes one shape follow another, picking out a very special curve in C in doing so [25] .
If progress requires us to give up relativity of simultaneity, viewing the status it has acquired as historically contingent, we think the price is worth paying. Let us remind the reader of Dirac's words in 1958 [26] , who was so struck by the simplicity of the Hamiltonian treatment obtained by giving up the spacetime description that he commented: "I am inclined to believe from this that four-dimensional symmetry is not a fundamental property of the physical world." We would slightly modify that and say the appearance of four-dimensional symmetry is a by-product of the way one shape follows another. 
